Section 12.4 The Cross Product
DEF: The determinant of a 2 x 2 matrix is defined by
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b
‘:ad—bc
c d
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DEF': The determinant of a 3 x 3 matrix is defined by .
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by bo bs | = a1 + a3
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DEF: Let @ = (a1, a9, as) and b= (b1,ba,b3). The cross product of @ and b is a vector and is
defined as

i j k
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by bo b3

i.e.

@ x b= (azbs — asby)i + (agb1 — a1bs)j + (arby — agbl)k\ .
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Ex2. Let @ = (1,3,4) and b = (2,6, 8). Calculate a x b.
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Ex3. (Key Fact) Prove that the vector @ 3< b is perpendicular to both @ and b.
Le" 3=<a.]a,_,43) auwd b cl‘,, 6:.) by 2

vy k

a, 4, %s

b, 6,

G,
New, G 3= GarE ~Umb ~ sk G+ G- kG

= O Cuum(oe\l‘ ()

so (dxb) - A an Pere dulas
-0 — a KL eh"
s pephdiCule- S
Rmk: G x b points in the direction perpendicular to the plane through @ and b.
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Ex4. The direction of @ x b is given the by the right-hand rule.

If the fingers of your right hand curl in
the direction of a rotation (through an
angle less than 180°) from @ to b, then
your_'thumb points in the direction of
axb.
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Theorem. Algebraic Properties of the Cross Product:
Let @ and b be three dimensional vectors and let A be a real number, then:

(1) (A@) x b= \@ xb)

(2) ax(b+d=axb+adxé
(3) @xb=—(bxa)

(4 Oxa=0

Proof of (1): Lo+ a: (allq,‘/ Qe>, é =‘<la“ bz) é’s>‘ Lg*’/‘\- Ag a veqf m"‘e“

-
AF)xb=) L5 k) e,
4 3 (A %ey~7 —(~ ~
n,ﬁ‘ ﬂ-k—‘_ 7°% 2"3 3 2) ( ql 63 ;anbl)/jlqlé-

L; b, b, tab D

ACaxb)a ¢ 9k =L <a, b~
a, «, s < L; ‘hb-a.., ‘(?4 ba ~@,[_,')/ a.b,_—ng')

T CAab. -4
b, b, L, 293 ~Rhab, _(a -
, (e b, A19) A4 <A |

LHS RIS
Lemma: Let @ and b be three dimensional vectors. Then ||@ x b]|2 = ||@]|2||b]|? — (@ - b)2.
Theorem: If 6 is the angle between @ and b (0 < 6 < ), then ||@ x b|| = ||| ||b]| sin 6.

Proof:

Frowm tee Lesmwa: || Axb 1% ”2"2[,;”{ (2.5)*

SR = (0 U e s)”

Nai“ b= e ybli® cofo
Deu® plt™ (1 ~ cos®o)
Hak* Ubl* (sin2e)
llaxb)l= nall lbll [sinel  (oze0<m®)
N axbll = llall libll siwo
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Ex5. Prove that two nonzero vectors @ and b are parallel if and only if @ x b=0.

L & be te augle bhobween 7  awd b (0o <)

a“gé—? A&=0 or o= &> Sty & =20
&qu”bl Sive<o

>[a X b| =0

“> axb =10

Ex6. Find a cross product formula for the area of the parallelogram determined by @ and b.

Aves = laubls«'ue

iy Vb sme
oL/ Boen = Il aX bl
I L
( trall

Ex7. Find a nonzero vector perpendicular to the plane that contains the points P = (1,0, 1),
Q=(-2,1,3), and R = (4,2,5). Find the area of the triangle PQR.
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¥= mttdh
Section 12.5 Equations of Lines and Planes

Suppose that a line L in space passes through the point Py = (xo,yo, 20) and is parallel to the
nonzero vector ¥ = (vi,v2,v3). Let P = (z,y,z) be an arbitray point on the line L. Then
geometrically one sees that the vectors ¥ and Py must be parallel.

? P P//7 P°P=(K-Xb) y'-)(',,z"‘io’>
3 Lr.tvb“'l
?“/;” o KAk, y-Fe, 2m%e? = ELY G Ve

Thus, the line L is the set of all points P = («,y, z) for which Poﬁ =t for some number t.
Now we can derive parametric equations of the line L. That is:

X-Fo =€y, avd  ¥~Yo =tup oud Z-Y, =ty,

e 14
'H"e“l I X= xo"‘t\/' , Ya y°+étl.,_ J X: xoﬁ.tua r‘;ﬁk{%:&m
(-] heag

We olso wuk (x(8), y(&), 2 @) = (%, ey, Yo tty, goaty,)
T uo'w' '(twlﬂ v(t)-’-'<xo f‘év‘/ yo,f'f.vz, %.févg)

Ex1. Find parametric equations for the line that passes through the points A = (2,4 — 3) and
B = (3,—1,1). Is the point C = (4,—6,5) on the line? How about D = (0,14,—10)? At what
point does this line intersect the xy-plane?

AT;// hw_/ ﬁg.—:@/-;}‘ q>
Pavamthn. egudras of e (5o ave:
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&=L t=2 ‘=2

Ve €21, Cx (4 -8 5) yaibia T mansha gadey e
\M, So ¢ (5 @« de [1nwe.

2
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Ex2. Let P be a point not on the line L that passes through the points @ and R. Derive a cross
product formula for the distance d from the point P to the line L.

d= gl =6

2 IGp Il 11 QP ARl
=
NQpl 1 Qrll

HaEP x QR
<V
NGRl

e Use the formula to find the distance from the point P = (1,1, 1) to the line through @ = (0,6, 8)
and R = (—1,4,7).

Gge=¢X1,-5, -7
SR = (-1,72,-12
p T ®
Cﬁ%(G?A &gk (-9, 8,-?2
1 -5 -7
@ <« -2 -~7
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The Point-Normal Equation for a Plane

Suppose that a plane S passes through the point Py = (z0, 30, 20) and is perpendicular (or normal)
to the nonzero vector @ = (a,b,c). Sketch a generic point on the plane P = (x,y, z) and deduce
that the point P = (z,y, z) must verify an equation of the form

axr +by +cz =d.

PR

PP -u=0

-P dX=Xo, Y=o, 2~ %o 40 bcD=0

ax-%) + bly-Y.) tc(2-Ls)=0
ax ~ai r by ~by, *CA=-Che =0

ox+by tcy = ax, + by, *Ca.
\_/-\/_\/
JC"' d= Q’\;‘f é}p’ + Cx
So CU('f'lo), L =2d E—qﬂ of Fle ;o[qu(

{I .
('al.vo called ‘Livecer eyet, (4 Xy, 2
Ex3. Find an equation for the plane through the point Py = (—3,0,7) perpendicular to the vector
i =5i+2j — k.

X3, Y,2-22 {52, ~)c0
c(x#3) +2(Y) () (g -7)=0

§'X+2y 1= -22

Ex4. Find a nonzero vector normal to the plane given by 3x — 6y — 2z = 3.
Tle equdbn oF e plue is axtbyscy _y
wlhewe & wder pomdivdw. & (o place

/ n La, 4D
(A Se in —h“, )avelﬂL"‘q ow w.Jev- M‘(j

do e golue & <3, -¢,-27
















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































(E,?) Sedee~ 2 9)

Ex5. Find an equation for the plane containing the points P = (1,0,1), @ = (—2,1,3), and
R=(4,2,5).

|
_ @P=C3, 27
/ R / RR =<6, 1,272

/é QP <GR =<0 g, 9> =90, -2, 1>
Q@

P

Tlem, <x-1 y~e, 3-1> -4 % [7 =0
oD ~ 2(y-2) ¢ (2-1)=0
- ?.y +Y4 -] =0
2yt L =|

Ex6. Find the point at which the line with parametric equations x =2+ 3t, y = —4t, 2 =5+t
intersects the plane 4z + 5y — 2z = 18.

M
H(2t3&) +5(-4t) ~2(Ct4) = I8 (B Some &)
§+ 14t -20% -l0 —2& =/§
b ~16t -2 </t

~l0ot 22 — L =-2
rrem e iudeeedh ot
(e, W) = (243¢:2), ~4(-2) Tt (-2))
[ Gyt 89|

DEF:
e T'wo planes are parallel if their normal vectors are parallel.

4//’“ / w U

| " el | COHSJACV‘ .'
e T'wo planes that are not parallel intersect in a line. ~
v b D‘ o ~
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Ex7. Find parametric equations for the line of intersection of the plane

r+y+z=1, r—2y+3z=1

5k -
¢ 2
X<l 2,35 Vol \/

N
v

- (‘)\'0
v -2 3 kﬁ
Vecs 2, 3> (F0w) Sl
p
Lek's @,U" oue ,ooa\«d' ou fte bre
wm ico { K+y=‘ X0 y«r vzl o é lyﬂlz',s-z' 2
Kzp=15 - o é-‘*r*sx—t-) Jy?ﬁi\
- y<
}yca—? y=o/ X=| _=‘__.'S/;

oOw )oa{w"' ou '{'Lc ‘t\»u, 'S (llo/o)

P«m mbl""'t ‘Cq’o.q,c‘bb"l a‘t 'h-( [4L( Gl
Xc 1t €(5)
{}“ 6+&(-2)

L=0¢€(~3)
Theorem [Distance from a Point to a Plane]

The distance D from the point P = (x1,y1, 21) to the plane ax + by + cz = d is given by

_ |a:v1 + by +cz1 — d| —

Proof: See textbook, page 829. This is a reading homework!

D

Ex8. Use the above formula to find the distance from the point P = (1, —2,4) to the plane

3z 4 2y + 6z = 5.
















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































